Tricritical Casimir forces in 3 He -4 He wetting films are studied, within mean field theory, in therms of a suitable lattice gas model for binary liquid mixtures with short-ranged surface fields.
I. INTRODUCTION
Concerning fluid wetting films near a critical point [1] , experimental studies have provided convincing evidence for a long-ranged effective interaction emerging between the planar solid surface and the parallel fluid interface forming the film [2] [3] [4] [5] [6] [7] [8] . Such fluid-mediated and fluctuation induced interactions were discussed first by Fisher and de Gennes [9] on the basis of finite-size scaling [10, 11] for critical binary liquid mixtures. They are known as critical Casimir forces (CCFs) in analogy with the well-known Casimir forces in quantum electrodynamics [12, 13] . In wetting films of a classical binary liquid mixture, within its bulk phase diagram the CCF arises near the critical end point of the liquid mixture, at which the line of critical points of the liquid-liquid demixing transitions encounters the liquid-vapor coexistence surface [1, 14] . They originate from the restriction and modification of the critical fluctuations of the composition of the mixture imposed on one side by the solid substrate and on the other side by the emerging liquid-vapor interface. The CCF acts by moving the liquid-vapor interface and, together with the omnipresent background dispersion forces and gravity, it determines the equilibrium thickness ℓ of the wetting films [5] [6] [7] [8] . The dependence of ℓ on temperature T provides an indirect measurement of CCF [1, 14] . This approach also allows one to probe the universal properties of the CCF encoded in its scaling function [1] .
By varying the undersaturation of the vapor phase one can tune the film thickness and thus determine the scaling behavior of the CCF as function of T and ℓ [1, 15, 16] . The shape of such a universal scaling function depends on the bulk universality class of the confined fluid, and on the surface universality classes of the two confining boundaries [17] . The latter are related to the boundary conditions (BCs) [13, 17, 18] imposed by the surfaces on the order parameter (OP) associated with the underlying second-order phase transition [18] . In general, the scaling function of CCFs is negative (attractive CCFs) for symmetric BCs and positive (repulsive CCFs) for non-symmetric ones. Classical binary liquid mixtures near their demixing transition belong to the 3d Ising universality class. The surfaces confining them belong to the so-called normal transition [17] , which is characterized by a strong effective surface field acting on the deviation of the concentration from its critical value serving as the OP. The surface field describes the preference of the surface for one of the two species forming the binary liquid mixture. Since the two surfaces typically exhibit opposite preferences wetting films of classical binary liquid mixtures are often characterized 
FIG. 1. Schematic bulk phase diagram of
3 He - 4 He mixtures (black curves and surfaces) and two specific surfaces (blue and brown) in the (T, Z, P ) space, where P is the pressure and Z = exp(µ 3 /T ) is the fugacity of 3 He, with µ 3 as the chemical potential of 3 He atoms [1] . A 1 shows the surface of first-order solidliquid phase transitions, whereas A 2 is the surface of first-order vapor-liquid phase transitions. The phase transitions between the normal fluid and the superfluid phase are either of second or of first order, which are shown by the surfaces A 3 and A 4 , respectively. The surfaces A 3 and A 1 intersect along a line ce + -tce + of critical end points. The surfaces A 3 and A 4 are separated by a line tce + -tce of tricritical points TC. This line meets A 1 and A 2 at the tricritical end points tce + and tce, respectively. The surfaces A 3 and A 2 intersect along a line ce-tce of critical end points. The surface A 2 terminates at a line of critical points, starting from c in the plane Z = 0. The phase diagram in the plane Z = 0 corresponds to that of pure 4 He. The dashed lines indicate that the corresponding surface continues. On the blue surface the total density is constant, which corresponds to the situation studied in Refs. [20, 29] . The brown surface A 2,b lies in the vapor phase slightly below the liquid-vapor coexistence surface A 2 . Although the thermodynamic fields along the thermodynamic paths taken in the experiment in Ref. [3] have been tuned to their values at the liquid-vapor coexistence surface, due to gravity the actual measurements have been carried out for thermodynamic states which lie on a surface resembling the brown one. At the thermodynamic states on the brown surface, in addition to the stable vapor phase, there are metastable liquid phases. These metastable liquid phases undergo transitions similar to the liquid-liquid phase transitions tied to A 2 . Therefore, for each point tce, ce, and c, there is a metastable counter part tc m , ce m , and c m , respectively, on the brown surface.
found for the TCF, computed by assuming a symmetry-breaking (+) BC at the substrateliquid interface and a Dirichlet (O) BC at the liquid-vapor interface. However, the VBEG model employed in Refs. [29, 30] does not incorporate the vapor phase and hence cannot exhibit wetting films. In these studies the confinement of the liquid between the substrate and the liquid-vapor interface has been modeled by a slab geometry with the boundaries introduced by fiat, mimicking the actual self-consistent formation of wetting films and thus differing from the actual experimental setup. This difference is borne out in Fig. 1 . Therein the surface of constant total density D(P, T, Z) = const. is shown in blue. The analyses in Refs. [20, 29] have been carried out within such a surface, whereas the experiment in Ref. [3] has been carried out along the surface of liquid-vapor coexistence. Note that, although the thermodynamic states, for which the measurements have been performed, correspond to the liquid-vapor coexistence surface (surface A 2 in Fig. 1 ), due to gravity the actual thermodynamic paths lie on a surface, which is located slightly in the vapor phase (brown surface in In order to pave the way for providing a more realistic description of the experimental setup reported in Ref. [3] , recently we have extended the VBEG model such that the vapor phase is incorporated into the phase diagram [34] . We have found that allowing for the corresponding vacancies in the lattice model leads to a rich phase behavior in the bulk with complex phase diagrams of various topologies. We were able to determine that range of interaction parameters for which the bulk phase diagram resembles the one observed experimentally for 3 He - 4 He mixtures, i.e., for which first-order demixing ends via a tricritical point at the λ-line of second-order superfluid transitions [34] . In the present study, we use this model in order to describe wetting of a solid substrate by 3 He - 4 He mixtures. We analyze the behavior of the wetting films along the thermodynamic paths corresponding to the ones in the experiment [3] . This will allow us to compare the variation of the wetting film thickness with the experimental data shown in Fig. 15 of Ref. [3] (see Sec. III), which is not possible within the approach used in Refs. [20, 29] . Finally, we aim at extracting the TCF contribution to the effective force between the solid substrate and the emerging liquid-vapor interface. We shall compare its scaling function with that extracted from the experimental data in Ref. [3] and the one calculated using the simple slab geometry employed in Refs. [20, 29] . We study our model in spatial dimension d = 3 within mean field theory which, up to logarithmic corrections, captures the universal behavior of the TCF near the tricritical point of 4 He -4 He mixtures. However, this approximation is insufficient near the critical points of the second-order λ-transition, because for the tricritical phenomena the upper critical dimension is d * = 3, whereas for the critical ones it is d * = 4.
Our paper is organized as follows. In Sec. II we introduce the model and in Subsec. II A we carry out a mean field approximation to it. In Subsec. II B we discuss a procedure for finding that range of values of interaction constants of the model for which it exhibits a phase diagram similar to that of actual 3 He -4 He mixtures. We continue in Sec. III with
Liquid-liquid bulk phase transitions at coexistence with the vapor phase for 3 
He -
4 He mixtures and the thermodynamic paths taken in the experiments reported in Ref. [3] . The black curves denote the first-order phase transitions between the normal fluid phase and the superfluid phase, which terminate at the tricritical end point tce. The red curve shows the second-order λ-transitions between the normal fluid phase and the superfluid phase. The dashed dotted lines indicate three distinct thermodynamic paths corresponding to three fixed values of the concentration C 3 = X 3 /(X 3 + X 4 ) (see, c.f., Eq. (17)) of the 3 He atoms as done experimentally. X 3 and X 4 are the bulk number densities of 3 He and 4 He, respectively. Upon decreasing the temperature, the bulk liquid undergoes a first-order phase separation at some demixing temperature T d (C 3 ). Upon further decrease of the temperature the thermodynamic paths follow that branch of the coexistence curve, which they hit (see the the brown and green arrows). studying the wetting films for short-ranged surface fields. Next, we calculate TCFs and their scaling functions and compare our results with those for the slab geometry by applying a suitable slab approximation to the present case. In Sec. IV we conclude with a summary.
Appendix A contains important technical details.
II. THE MODEL
In order to model layer number, and the index v l , referring to lattice sites within the l th layer. The lattice 
where N mn , with m, n ∈ {3, 4}, denotes the number of pairs of nearest neighbors of species In order to proceed, we associate an occupation variable s i with each lattice site {i}, which can take the three values +1, −1, or 0, where +1 denotes that the lattice site is occupied by 4 He, −1 denotes that the lattice site is occupied by 3 He, and 0 denotes that the lattice site is unoccupied.
N m and N mn can be expressed in terms of {s i } as follows:
where <i,j> denotes the sum over nearest neighbors. Using the above definitions one obtains
where <i,j>
and
Θ i ∈ [0, 2π] represents the superfluid degree of freedom at the lattice site i, provided it is occupied by 4 He.
A. Mean field approximation
In this section we carry out a mean field approximation for the present model (for details of the calculations see Appendix A). The symmetry of the problem implies that all statistical quantities exhibit the same mean values for all lattice sites within a layer, in particular the same mean field generated by their neighborhood. Therefore all quantities depend only on the distance l of a layer from the surface. (Note that l is an integer which not only represents the position of the layer but also marks the corresponding layer.) We define the following dimensionless OPs:
which are coupled by the following self-consistent equations:
where β = 1/T with T as temperature times k B , I 0 (βJ sMl ) and I 1 (βJ sMl ) are modified Bessel functions, andM
The dimensionless functions W l and R l depend on the following set of parameters:
They are given by
Accordingly, the equilibrium free energy per number of lattice sites in a single layer is given by
Within the grand-canonical ensemble the pressure is P = −φ/V , where here the volume is V = LN a, with a = 1. The functional form of the expressions for the chemical potentials are obtained by solving Eqs. (7) and (8) for them (see Appendix A):
Finally, one can express the magnetization M l in terms of X l and D l by using Eqs. (7) to (9):
According to the definition of the OPs in Eq. (6) and by using Eqs. (2) and (A7) one can express the number densities of species 4 He and 3 He in the l th layer as
is the occupation variable of a single lattice site within the l th layer; its thermal average is independent of v l (see Appendix A). Accordingly, the concentration of the two species in the l th layer is given
In order to study wetting films at given values of (T, µ + , µ − ), one has to solve the set of equations given by Eqs. (14) - (16) for the set of OPs
Since Eqs. (7) - (9) cannot be solved analytically, we did so numerically by using the GSL library [35] . Since for the last layer l = L − 1 Eqs. (14) to (16) request OP values at l = L, one has to assign values to (X L+1 , D L+1 , M L+1 ). If the system size L is sufficiently large one expects that far away from the surface the OP profiles attain their bulk values. This implies
The system size L can be considered to be large enough if the OP profiles (X l , D l , M l ) remain de facto unchanged upon increasing L (which mimics a semi-infinite system). The minimization procedure, which leads to Eqs. (14) - (16) does not involve the second derivative of φ with respect to the trial density matrix ρ l (see Appendix A). Therefore, depending on the initial profile Taking the OPs to be independent of l and omitting the surface fields, i.e., f + (l) = f − (l) = 0, Eqs. (7) - (9), and Eqs. (14) - (16), together with the expression for the equilibrium free energy given by Eq. (13), render the bulk phase diagram of the system as studied in
Ref. [34] . It has been demonstrated in Ref. [34] (see also Ref. [36] ) that various coupling constants lead to diverse topologies of the phase diagram for the bulk liquid-liquid demixing transitions. The topologies discussed in Ref. [34] range from the phase diagram of a classical binary mixture (Figs. 4(a) and 5) to a phase diagram which to a large extent resembles the actual one of 3 He -4 He mixtures (Fig. 4 (b) ). By extending the corresponding discussion in Ref. [34] one can study how, within the present model, for a suitable value of J s the bulk phase diagram of a classical binary mixture with specific values of (C 0 /K 0 , J 0 /K 0 ) and for J s = 0 (dotted curve in Fig. 6 ) transforms into that of the 3 He-4 He mixture. Figure 6 illustrates schematically this transformation. One has to find and to adopt a nonzero value of [37] . Although the phase diagram in Fig. 4 (b) satisfies the above condition and captures the main features of the bulk phase diagram of 3 He-4 He mixtures, its shape near the tricritical end point tce differs from the experimental one (see Fig. 2 ). In particular, in the phase diagram in Fig. 4 (b) , upon lowering the temperature below T tce along the path X 3 = X tce 3 , the model mixture does not enter the two-phase region, as it is the case for the actual 
III. LAYERING AND WETTING FOR SHORT-RANGED SURFACE FIELDS
In this section we study the layering and wetting behavior [38] of the present model with short-ranged surface fields f + (l) =f + δ l,0 and f − (l) =f − δ l,0 . The field f + (l) describes the enhancement of the fluid density near the wall, whereas f − (l) expresses the preference of the wall for 4 He over 3 He.
Within the present model µ + is the field conjugate to the number density order parameter D l . By changing µ + from its value µ co + (P, T ) at liquid-vapor coexistence and at a given temperature T and pressure P , one can drive the bulk system either towards the liquid phase (∆µ + = µ + − µ co + > 0) or towards the vapor phase (∆µ + < 0). In order to realize the experimental conditions we choose ∆µ + < 0 such that the bulk system remains thermodynamically in the vapor phase. With this constraint we determine the solution of Eqs. (14) - (16) for set of the OPs
We find that the occurrence of wetting films as well as their thicknesses depend on the strength of the surface fieldsf + andf − . Since along the experimental paths taken in Ref. [3] the system is in the complete wetting regime, we choose such values of the surface fields for which complete wetting does occur. We refrain from exploring the full variety of scenarios for wetting transitions which can occur within the present model. 
shows the same phase diagram in the (T, C 3 ) plane, where C 3 = X 3 /D denotes the concentration of 3 He. The phase diagrams in (a) and (b) have been discussed in detail in Ref. [34] . (Note that in Ref. [34] the coupling constants are rescaled by a factor of 6 and the total number of lattice sites are denoted as N , whereas here the total number of lattice sites is given by LN .) In (b) and (c) the black curves denote the binodals of the first-order phase transitions between the normal fluid (N) and the superfluid (S). The lines of first-order phase transitions in (a) terminate at the critical end point ce with T ce /K = 6.286, whereas in (b) and (c) the lines of first-order phase transitions terminate at a tricritical end point tce. In 
Based on the number density profile D l one can define the film thickness as [38] 
where D b is the bulk density of the vapor phase,
is the excess adsorption, and D m is the density of the metastable liquid phase at the thermodynamic state corresponding to the stable vapor phase. Alternatively, one can define y 
e., corresponding to the vapor being the bulk phase and the wetting phase being the mixed supercritical liquid phase.
We start our discussion by takingf − = 0 and varyingf + . We find that weak surface fields f + cannot stabilize high density layers near the surface, so that the model does not exhibit wetting by the mixed-liquid phase. Instead, for weakf + the wall prefers the vapor phase so that upon approaching the liquid-vapor coexistence from the liquid side (i.e., ∆µ + → 0 + ) a vapor film forms close to the wall corresponding to drying of the interface between the wall and the mixed liquid.
Covering the case of weak surface fields, Fig. 7(a) shows the number density profiles for
e., on the vapor side for several temperatures above the T ce and at fixed X 3 = X ce 3 . Figure. 7(b) shows the number density profiles for the same bulk system with the same surface fields but for
−4 so that the stable bulk phase is liquid. Since the wall prefers the vapor phase, upon increasing T a drying film forms at the surface of the solid substrate.
For larger values off + (see Fig. 8 ), i.e., for (f + ,f − )/K = (5.143, 0), at lower temperatures T we find monotonically decaying density profiles without shoulder formation whereas at higher temperatures the density profiles tend to exhibit plateaus characteristic of wetting (see Fig. 8 In order to see how the wetting films grow upon approaching the liquid-vapor coexistence surface, we fix T and vary ∆µ + . Figure 9 shows the film thickness y/a versus ∆µ + for (f + ,f − )/K = (8.571, 0) and for several temperatures; y is calculated according to Eq. (18).
For low temperatures, upon approaching the liquid-vapor coexistence surface the film thickness increases smoothly and reaches a plateau. This corresponds to incomplete wetting. The height of this plateau increases gradually upon increasing T towards 7.097 < T w /K < 7.123, which corresponds to a critical wetting transition between incomplete and complete wetting [38] . The corresponding line of wetting transitions lies on the surface of the liquid-vapor (15) using the values of (T, D, X, M ) for the corresponding thermodynamic states as provided above. Note that the nonmonotonic behavior of the red curve in (c) is caused by the constraint X 3 = X ce 3 . For (c), in order to identify the vapor and liquid phases, in addition to T and P also the value of the chemical potential µ − is required, which is not shown.
transitions (B 1 in Fig. 5 ) between the critical end point ce and and the line of critical points of the liquid-vapor transitions (L 1 in Fig. 5 ). Note that Fig. 9 provides a semi-logarithmic plot so that the linear growth of the film thickness on this scale confirms the theoretically expected logarithmic growth of the film thickness y ∼ log(|∆µ + |/K) for short-ranged surface fields [38] . At higher temperatures T the film thickness does not increase smoothly anymore but rather exhibits jumps due to layering transition. Figure 10 l ≃ 1. Each line of the layering transitions ends at a critical point. Along thermodynamic paths, which pass by these critical points the jumps of the film thickness become rounded as for the green and red curves in Fig. 9 . The color code in Fig. 10 does not carry a particular meaning; the lines are colored differently so that it is easier to distinguish them. The closer the system is to the liquid-vapor coexistence surface, i.e., the smaller ∆µ + is, the closer are the lines of layering transitions. with a significant temperature dependence of the amplitude κ. This is different from the situation in Fig. 9 with J s = 0, where only for sufficiently high temperatures (i.e., T > T w ) complete wetting occurs. This means that in Fig. 12 T w is below the considered temperature interval. Interestingly, in Fig. 12 at the reduced temperature (T − T tce )/T tce ≈ −0.016 the film thickness exhibits the most rapid increase upon approaching the liquid-vapor coexistence surface (see the red curve), whereas for higher and lower temperatures the growth of the film thickness is reduced, i.e., the amplitude κ(T ) introduced above has a maximum at (T − T tce )/T tce ≈ −0.016. This is different from what one observes in Fig. 9 , where the thickness of the wetting film is, via κ(T ), a monotonically increasing function of T . Note that in Fig. 12 for the curves with T ≥ T tce the number density of 3 He is fixed at X 3 = X tce 3 = 0.20845. However, for T < T tce the system phase separates and the number density of 3 He changes. Accordingly, in Fig. 12 for (T − T tce )/T tce = −0.016 and (T − T tce )/T tce = −0.042, the number density of 3 He on the superfluid branch of the binodal (Fig. 4(c) ) is X 3 = 0.201 and X 3 = 0.188, respectively. The OP profiles for three temperatures at ∆µ + /K = −1.07 × 10 −4 are shown in Fig. 13 . Due to the large value of f − , the number density X 4,l of 4 He is enhanced near the wall and hence X l = X 4,l − X 3,l is large there. If the bulk liquid is in the normal fluid phase but close to either the λ-line for T > T tce , or to the normal branch of the binodal (Fig. 4(c) temperatures. Unlike the situation in Fig. 9 with J s = 0, the thickness of the wetting films as a function of |∆µ + | is a nonmonotonic function of T . The most rapid increase occurs at (T − T tce )/T tce ≈ −0.016, whereas for lower and higher temperatures the growth of the wetting film as a function of ∆µ + is slower. Upon approaching the liquid-vapor coexistence surface, the 4 He-rich layers within the wetting films become superfluid. At each temperature, the continuous surface transition to superfluidity occurs for values of the offset |∆µ + | smaller than the one indicated by the corresponding tick on the abscissa with the same color. For (T − T tce )/T tce = −0.016 and (T − T tce )/T tce = −0.042, the number density of 3 He on the superfluid branch of the binodal (Fig. 4(c) ) is X 3 = 0.201 and X 3 = 0.188, respectively, whereas for T ≥ T tce the number density of 3 He is fixed at X 3 = X but are located in the vapor phase close to the liquid-vapor coexistence surface (like the brown surface in Fig. 1 ).
The film thickness versus temperature along a path with an offset ∆µ + /K = −1.07×10 −4 parallel to the vertical black dashed line in Fig. 14 is shown in Fig. 16 . Within the considered temperature range the system is above the wetting temperature T w (not shown in the figure).
We find that at fixed C 3 the variation of the film thickness with temperature is nonmonotonic.
Upon increasing the temperature, for T > T s , the film thickness increases. A much steeper increase of the film thickness, associated with a break in slope, occurs between T s and T tce , where the TCFs emerge. (Note that due to the offset from liquid-vapor coexistence the sharp drop of y/a occurs slightly below T tce (see Fig. 14) .)
As discussed before, due to the surface transition close to T tce the superfluid OP becomes nonzero near the wall. This profile vanishes at the emerging liquid-vapor interface, where the (Fig. 4(c) ). For these bulk states, in panels (a) -(c) the stable vapor phase (i.e., l → ∞) exhibits the order parameters (D = X 4 + X 3 , X = X 4 − X 3 ) = {(0.0523, −0.0206), (0.0559, −0.0204), (0.0422, −0.0255)}, respectively. The bulk parameters of the system are those for Fig. 4(c) . The keys for the OP profiles are the same for all panels. The value of µ − can be obtained from Eq. (15) using the values of (T, D, X, M ) for the corresponding thermodynamic states as provided above. BCs for the superfluid order parameter M l in the wetting film. Therefore, the resulting TCF acting on the liquid-vapor interface is repulsive and leads to an increase of the film thickness. The maximum film thickness occurs at T peak /K ≈ 8.3346, which lies below T tcein agreement with the experimental results (see Fig. 15 ) (T peak is defined as the mid point of the temperature range enclosing the maximum film thickness). T s denotes the temperature of the surface transition. Figure 17 shows how the offset value ∆µ + affects the equilibrium film thickness y. As expected, upon increasing the offset value, the film thickness decreases.
Moreover T peak shifts towards lower temperatures.
Following the other thermodynamic paths indicated in Fig. 14 (black curve)). The maximum of each of these two curves occurs at a temperature close to the corresponding bulk demixing temperature denoted as T surface.) The green curve corresponding to ∆C 3 = C 3 − C tce 3 = 0.0087 joins the black one at T /K ≃ T (n) d (C 3 )/K = 8.3925; for lower temperatures both curves merge. Since for the green curve T (n) d (C 3 ) > T peak = 8.3346, the maximum of this curve is the same as the maximum of the black curve. However, for ∆C 3 = 0.0257 the violet curve joins the black curve at the corresponding demixing temperature T (n) d (C 3 )/K = 8.2392, which is below the temperature T peak of the peak. Therefore, the maximum of the violet curve differs from the maximum of the black curve. Figure 18 corresponds to panel (a) in Fig. 15 . Note that X t in Fig. 15 corresponds to C tce 3 in the present notation. Figure 19 shows the film thickness as function of temperature for two values of C 3 < C 
For a vertical path at C 3 < C s* 3 (see Fig. 14) , the film thickness does not exhibit an increase near the λ-transition. In fact, for C 3 < C s* 3 the BCs for the superfluid OP at the interface of the wetting film are the symmetric (O,O) BCs (i.e., M = 0 at the wall and at the emerging liquid-vapor interface). Therefore, in this regime one expects the occurrence of an attractive CCF; however, this cannot be captured within the present mean field approximation because for Dirichlet-Dirichlet BCs the resulting CCF is solely due to fluctuations beyond mean field theory [15, 16] . Although both black curves in Fig. 18 and 19 correspond to C 3 = C tce 3 , they differ slightly due to the infinitesimal difference of the thermodynamic paths for T < T tce . In Fig. 18 , for T < T tce the thermodynamic paths follow the demixing line T 
C. Tricritical Casimir Forces
A fluid film exerts an effective force on its confining walls. For two parallel, planar walls a distance L apart this fluid mediated force f s is given by [40] Numerical results for the film thickness corresponding to the thermodynamic path at fixed
and ∆µ + /K = −1.07 × 10 −4 (i.e., slightly shifted thermodynamic path shown by the vertical black dashed line in Fig. 14) . The arrows indicate the tricritical end point T tce and the onset temperature T s ≃ T s (C 3 ) for superfluidity at the surface transition. (The deviation of T s from T s (C 3 ) (see Fig. 14) is due to the offset from liquid-vapor coexistence.) Below the tricritical temperature the thermodynamic path follows T to A, f s /A is the pressure in excess over its bulk value. Upon approaching the bulk critical point of the confined fluid, f s acquires a universal long-ranged contribution f C , known as the critical Casimir force [18, 41, 42] .
Extending this concept to binary liquid mixtures, here we focus on that contribution to f s /A which arises near a tricritical point of 3 He -4 He mixtures. We call this contribution tricritical Casimir force f tcr (TCF) and express it in units of k B T tc , where T tc is the temperature of a tricritical point on the line TC in Fig. 1 .
As discussed in the Introduction, concerning wetting by a critical fluid, the critical fluctuations of the OP are confined by the solid substrate surface on one side and by the emerging liquid-vapor interface on the other side. Accordingly, the TCF is the derivative of the corresponding excess free energy with respect to the film thickness y at constant temperature and chemical potentials. In contrast to the slab geometry with two fixed walls as discussed above (see Eq. (20) 
where σ w,l and σ l,v are the wall-liquid and vapor-liquid surface tensions, respectively, f m is the free energy density of the metastable liquid, and A := N a 2 is the cross section area of a layer. Since at liquid-vapor coexistence
The ℓ-dependent excess free energy f ex (ℓ) is the sum of two contributions: the free energy density (per area A) f 0 (ℓ) due to the effective interaction of the emerging liquidvapor interface with the substrate wall and the singular contribution f sing (ℓ) due to the critical finite-size effects within the wetting film of thickness l. For short-ranged surface fields, the effective potential between the wall and the emerging liquid-vapor interface is an exponentially decaying function of the film thickness ℓ. To leading order one has [44] 
where T w is the wetting transition temperature and α > 0 is an amplitude such that in accordance with complete wetting f 0 (l, T > T w ) > 0. The decay length 1/p is the bulk Fig. 14. The black curve is similar to the one in Fig. 16 except that below T tce it follows the normal branch of the binodal (see Fig. 4(c) ). The jumps are due to first-order layering transitions. This figure corresponds to panel (a) in Fig. 15 . Note that X in Fig. 15 corresponds to C 3 here and X t corresponds to C with ∆C 3 = C 3 − C tce 3 ≤ 0 and at ∆µ + /K = −1.07 × 10 −4 . The black curve is the same as the one in Fig. 16 . The sudden drop in the blue and in the red curve occurs at T λ close to the temperature of the λ-transition T λ (C 3 ) (see Fig. 14) . The red and the blue curve merge with the black curve at T Fig. 15 . Note that X in Fig. 15 corresponds to C 3 here and X t corresponds to C tce 3 here. Due to the offset from liquid-vapor coexistence the value of T d , T s , and T λ differ slightly from T
, and T λ (C 3 ) as introduced in Fig. 14 . The bulk parameters of the system are the same as in Fig. 4(c) and Fig. 14. correlation length of the liquid at T w and at liquid-vapor coexistence. With the knowledge of f ex (l) and f 0 (l) one can determine the TCF as the negative derivative of f ex (ℓ) − f 0 (ℓ) with respect to ℓ. Since y(T, µ + , µ − ) is the equilibrium film thickness, the total free energy F cstr has a global minimum at y, so that ∂Fcstr ∂ℓ | ℓ=y = 0. Thus taking the derivative of both sides of Eq. (21) with respect to ℓ at ℓ = y yields
With Eq. (22) this implies for the TCF
The parameters α, T w , and p can be determined by studying the growth of the equilibrium and the coupling constants (C/K, J/K, J s /K) = (1, 9.107, 3.701), one has T w /K ≃ 3.704, whereas α ≃ 1.146, and p ≃ 1.997. We have checked that the value of the bulk correlation length 1/p agrees with the one following from the decay of the OP profiles.
In the slab geometry considered in Refs. [29, 30] , the total number density of the 3 He -4 He mixtures is fixed and the properties of the system near the bulk tricritical point can be expressed in terms of the experimentally accessible thermodynamic fields T −T tc and µ − −µ tc − , where µ tc − is the value of µ − at the tricritical point. (The thermodynamic field conjugate to the superfluid OP is experimentally not accessible and is omitted here.) As discussed in detail in Refs. [29, 30, 45] , the proper dimensionless scaling fields are t
where a ′ is the slope of the line tangential to the phase boundary curve at T tc within the blue surface in Fig. 1 (i. e., parallel to the intersection of the blue surface and A 4 at tc which is the full blue horizontal line through tc). For such a choice of the scaling fields, for t → 0 with g = 0 the tricritical point is approached tangentially to the phase boundary. According to finite-size scaling [11] the CCF for the slab of width L is governed by a universal scaling function defined asθ −ν above T tc . In Refs. [29, 30] , for thermodynamic paths of constant concentration, the influence of the variation of the second scaling variable g upon changing temperature has been neglected.
In the present case of TCF emerging in wetting films of thickness y, the TCF per area is given by the universal scaling function ϑ +,o as
where we have again neglected the dependence of ϑ +,o on the scaling variable c 2 gy ∆/ν as well as on the third scaling variable associated with µ + − µ tc + which is conjugate to the total number density of the Within the slab approximation, the emerging liquid-vapor interface is replaced by a wall (denoted by "2") with the short-ranged surface fieldsf +,2 andf −,2 . These surface fields are chosen such that the OP profiles calculated for the slab at liquid-vapor coexistence (i.e., ∆µ + = 0) resembles the ones within the wetting film geometry calculated for the semiinfinite system with an offset ∆µ + < 0. In order to obtain a perfect match, one would have to allow these surface fields to vary along the thermodynamic paths taken. Insisting, however, on fixed values of (f +,2 ,f −,2 ), we have found that for (f + (20) we calculate the TCF for that bulk thermodynamic state which is associated with the wetting film, but taken at bulk liquid-vapor coexistence (i.e., ∆µ + = 0). In this way we can mimic the actual experimental wetting situation and stay consistent with the calculations for the slab geometry as carried out in Refs. [20, 29] . Within lattice models, the smallest change in the system size amounts to one layer (min(∆L 0 ) = 1). Therefore, on the lattice the derivative in Eq. (20) has to be approximated by the finite difference
where f ex = F ex /A. In order to determine f ex (L 0 ), we write the total free energy φ of the slab within thickness L 0 as
where σ (1) s,l and σ (2) s,l are the surface tensions between the liquid and surface (1) and surface (2), respectively. The surface tensions are functions of T, µ + , and µ − only and do not depend on the system size L 0 . Using Eq. (27) , Eq. (26) can be expressed as For suitable values of the surface fields and for the coupling constants, which determine the bulk phase diagram of the 3 He -4 He mixtures, we have been able to reproduce qualitatively the experimental results (see Fig. 15 ) for the thickness of 3 He -4 He wetting films near the tricritical end point [3] . Although the measurements in Refs. [3] have been performed in the regime of complete wetting, due to gravity the thickness of the wetting films remained finite. In the present study this is achieved by applying an offset to the experimental thermodynamic paths (Fig. 2) and shifting them into the vapor phase so that the resulting wetting films remain finite (Figs. 1 and 3) . Within the present mean field approach the order parameter profiles at a given thermodynamic state provide all equilibrium properties of the wetting films (Fig. 13) . The closer the system to liquid-vapor coexistence is, the thicker the wetting films are (Fig. 12) . Depending on the thermodynamic state, the wetting films can be superfluid. For the bulk phase corresponding to the normal fluid, the onset of superfluidity occurs by crossing a line of continuous surface transitions (Fig. 14) .
Taking thermodynamic paths (Fig. 14) equivalent to the experimental ones taken in Ref. [3] , we have been able to reproduce qualitatively the experimental results for the variation of the film thickness upon approaching the tricritical end point. Since the tricritical end point lies between the wetting temperature and the critical point of the liquid-vapor phase transitions, there is a pronounced change in the thickness of the wetting film due to repulsive TCFs (Figs. 16 , 17, 18, and 19) . The repulsive nature of the TCF is due to the effectively non-symmetric boundary conditions for the superfluid OP. The non-symmetric boundary conditions arise due to the formation of a temperature T λ (C 3 ) (see the dip in Fig. 15(c) ). However, because the attractive CCF due to (O, O) BC is generated by fluctuations only [16] it cannot be captured within the present mean field approach.
Using the various contributions to the total free energy, one can calculate the TCFs and their scaling function by extracting the excess free energy from the total free energy We conclude by comparing the scaling function inferred from the wetting film thickness and the one calculated within the slab geometry as in Refs. [29, 30] with the experimental data [3] , specifically at the tricritical concentrations C [29, 30] and inferred from the wetting films compared with the corresponding experimental curve [3] . All data correspond to the tricritical concentration of 3 He. L is the film thickness of the wetting films, whereas in Refs. [29, 30] it denotes the width of the slab. The reduced temperature t = (T − T tc )/T tc is relative to tricritical point in Refs. [29, 30] and relative to the tricritical end point for the wetting film.
Appendix A: Mean field approximation for the lattice model
In this appendix we present the details of the calculations outlined in Subsec. II A. The starting point is the Hamiltonian in Eq. (3). According to the variation principle, the equilibrium free energy F obeys the inequality [47] F ≤ φ =Tr(ρH) + (1/β)Tr(ρ ln ρ),
where ρ is any trial density matrix fulfillingTr(ρ) = 1, with respect to which φ on the rhs of Eq. (A1) has to be minimized in order to obtain the best approximation for F . 
denotes the trace and β = 1/T where T is the temperature times k B . Within mean field theory, the total density matrix of the system factorizes as
with
where l labels the L layers, v l denotes the lattice sites within the l th layer, and ρ (l,v l ) denotes the density matrix of lattice site v l within the layer l. (Note thatTr denotes the trace over all degrees of freedom, whereas Tr refers to the trace over the degrees of freedom at a single lattice site.)
By applying mean field approximation to the sites within each layer, ρ (l,v l ) is taken to be independent of v l . Accordingly, Eq. (A3) renders
where ρ l ≡ ρ (l,v l ) indicates the density matrix for a single site in the l th layer; s l ≡ s 
where ... = Tr(ρ l ...) denotes the thermal average taken with the trial density matrix ρ l associated with a single lattice site in layer l.
The last term in Eq. (A9) can be written as
Minimizing the variational function φ/N with respect to ρ l renders the best normalized functional form of ρ l among the single-site, factorized density matrices. Thus we determine the functional derivative of φ/N in Eq. (A9) with respect to ρ l (s l , Θ l ) using
, and equate it to the Lagrange multiplier η corresponding to the constraint 
is the effective single-site Hamiltonian for a lattice site in the l th layer.
The normalization Tr(ρ l ) = 1 yields e −βη+1 = Tr(e −βh l )
so that
Tr(e −βh l ) ,
where h l is given by Eq. (A14).
Within the expression for h l given in Eq. (A14) one has
where I 0 and I 1 are modified Bessel functions (see Subsec. 9.6 in Ref. [48] ) and M l = (M 
Using the definitions in Eq. (A12) the OPs are given by four coupled self-consistent equations:
and 
Finally, one can implicitly express the magnetization M l in terms of X l and D l by using Eqs. (A21), (A22), and (A25):
